We present an experiment, well adapted for students of introductory optics courses, for the visualization of the impact of spherical aberration in the point spread function of imaging systems. The demonstrations are based on the analogy between the point-spread function of spherically aberrated systems, and the defocused patterns of 1D slit-like screens.
Introduction
The subject of monochromatic spherical aberration has attracted the interest of many scientists and physics teachers through the last century. In this sense, many papers have been published in journals addressed to physics teachers, in which the nature of spherical aberration and the equations to evaluate its magnitude are explained [1] [2] [3] [4] [5] [6] . Besides, some experiments for the easy demonstration of spherical aberration addressed to students of introductory optics courses have been reported [6] [7] [8] . Note that these papers deal with the spherical aberration inherent to thin or thick lenses or to spherical mirrors.
In recent years, and mainly due to the development of modern scanning optical instruments, such as scanning microscopes [9] or multilayer optical data storage systems [10] , the other source of spherical aberration has achieved increasing importance. We refer to the spherical aberration that is induced when the beam emerging from a high numericalaperture (NA) converging lens objective is focused deeply on an interface between two media of different refractive indices. The study of this effect, which, to our knowledge, has never been addressed in a physics-teachers' journal, is of great interest for students of optics. This is because the study has to be performed in a wave-optics formalism, and it has to take into account non-paraxial effects.
The aim of this paper is then three-fold. First to show how to evaluate the spherical aberration in high-NA scanning optical instruments. The measurement of the focal spot of the instruments is not an easy task. A proof of it is the fact that such measurement is currently a hot topic in microscopy research (see for example [11] ). For this reason the second aim of this paper is to demonstrate that the equation that accounts for the intensity along the optical axis of the focal spot in the presence of spherical aberration is, formally, the same as the one that describes a very simple 1D diffraction phenomenon. Our third objective is the carrying out of an experiment to illustrate, by means of the 1D diffraction phenomenon, the impact of spherical aberration in scanning optical instruments.
The experiment has been carried out by the students of the fourth year of physics at the University of Valencia. Previous to the realization of the experiment, they studied the theoretical concepts connected with the focalization through a stratified dielectric medium. The realization of the experiment permitted the students to understand, easily, the importance of the spherical aberration.
Basic theory
When one deals with the description of modern optical scanning instruments in which light beams are focused and/or collected through high-NA focusing elements, such as microscope objectives, the calculation of the focal-spot intensity distribution cannot be accurately done by using paraxial tools and representing the objective as a thin lens.
Instead, a microscope objective must be represented through its principal surfaces as shown in figure 1 . The back principal surface is, as in the paraxial case, a plane surface. The front principal surface, S 1 , is a sphere of radius f centred at the focal point. As is well known, in most high-NA objectives the aperture stop is inserted at the back-focal plane. Then, the microscope objective transforms a monochromatic plane wave into a truncated spherical wavefront 1 . The amplitude transmittance of the aperture stop is mapped onto S 1 . To calculate the amplitude distribution in the neighbourhood of the focus one can use the first equation of Rayleigh-Sommerfeld [13] , which reconstructs the amplitude distribution in the vicinity of the focus as the superposition of secondary spherical wavelets proceeding from all points on S 1 , namely
where s represents the distance from a typical point P 1 of S 1 to an arbitrary point P, which belongs to the focal volume. The function U(P 1 ) represents the amplitude at P 1 , that is
with p(P 1 ) being the pupil function. After straightforward calculations, which can be found for example in [14] , one finds
where λ 0 is the vacuum wavelength, α is the maximum value of the aperture angle, and θ is related to the pupil plane radial coordinate, r p , through
The focal-spot amplitude distribution is usually expressed in terms of the normalized coordinates
In this case,
where some irrelevant factors, external to the integral, have been omitted. Note that in the above integral we have included a new phase term exp(−i2π W (θ )), which in the forthcoming analysis will account for phase distortion occurring during the focusing. Let us suppose now that the beam emerging from the objective is focused deeply into a medium of different refractive indices. To evaluate the phase distortions induced by the refractive-index mismatch we use a para-geometrical approach and operate over an arbitrary ray that is normal to the spherical wavefront and refracts at the interface obeying the Snell law n 1 sin θ = n 2 sin θ (see figure 2) . The phase delay suffered by the ray is proportional to the optical path difference, namely
Following the classical approach by Sheppard and Cogswell [15] we expand the above expression into a power series of sin (θ/2), up to the fourth order. We obtain
Thus, the amplitude distribution in the neighbourhood of the focus of a high-NA beam that is focused deep through an interface is given by In the above equation we have omitted an irrelevant constant phase factor, and have defined the reduced axial coordinate as z N = z N − w 20 , where
is the defocus coefficient that accounts for the focal shift suffered by the beam (in figure 2 the focus is shifted from B to B ). The coefficient of the spherical aberration is
As an example of the impact of the spherical aberration induced by the refractive-index mismatch, next in figure 3 we have represented the square modulus of equation (9) . In our numerical simulation we have considered the following system parameters: NA = 1.4, α = 67
• , λ 0 = 632. The experimental measurement of the 3D intensity distribution is not an easy task. In fact, the optimization of the experimental techniques for the measurement of such intensity distribution is still a hot research topic. Thus, the realization of such an experiment is, nowadays, beyond the student's reach. For this reason, in the next section we show that there exists a very simple diffraction phenomenon that is governed by equations that are similar to the above formulae.
Axial behaviour of spherically aberrated imaging systems
To simplify the problem under study, let us concentrate our attention on the axial points of the focal spot. We find that
which has been obtained after the nonlinear mapping
The mapping transforms the angular interval [0, α] into the non-dimensional interval [−0.5, 0.5].
The same result as in equation (12) can be encountered in the analysis of 1D focusing systems as we show next. Consider the focusing system schematized in figure 4 , in which a cylindrical lens is illuminated by a monochromatic plane wave. The aperture stop (a 1D slit in this case) is placed as usual at the front focal plane (FFP). Next we can make use of the well-known fact that the amplitude distribution at the back focal plane (BFP) of a lens, u(x; z = 0), is related to the amplitude distribution at its front focal plane through a Fourier transformation [13] , namely
where is the width of the slit, x 0 is the transverse coordinate at the pupil plane and x is the transverse coordinate in the focal volume. The amplitude distribution in out-of-focus planes is obtained by convolving u(x; 0) with the free-space propagation amplitude impulse
By expressing the convolution in its integral form and after straightforward maths, we find that
beingx 0 = x 0 / . Also, we have introduced the well-known 1D defocus coefficient, defined as
It is apparent that the 1D defocus coefficient w x 20 plays in equation (17) the same role as coefficient w 40 in equation (12) . Thus, we can conclude that the axial intensity distribution produced by a high-NA scanning optical instrument in which a certain amount of spherical aberration w 40 is induced, is the same as the transverse intensity distribution obtained at a distance z = −2λ 0 f 2 x w 40 / 2 in the 1D focusing experiment. To illustrate this property in figure 5 we have plotted the on-axis intensity profiles corresponding to a high-NA (NA = 1.4, oil) microscope objective with a circular aperture stop and for increasing values of w 40 . The similitude between these patterns and those shown in figure 4 is apparent 2 .
Experimental procedure
Next we propose a very simple experiment which is well adapted to the level of undergraduate physics courses, and by which the students can visualize the influence of the spherical aberration in the performance of scanning optical instruments.
In figure 6 we show the scheme of the experimental setup. For our experiment we used a 5 mW He-Ne laser (λ 0 = 632.8 nm), an optical bench, a beam expander composed by a single-mode optical fibre and a collimating lens of focal length f c = 200 mm, a cylindrical lens of focal length f x = 100 mm, and a slit of width = 1 mm. A black and white CCD camera (Pulnix TM-765E) and a computer equipped with a frame grabber and the necessary software were used to capture the beam profile at different axial distances. The beam proceeding from the laser was expanded and illuminated the slit normally. The light-beam emerging from the slit was focused by the cylindrical lens, which was placed so that its FFP coincided with the slit. The CCD camera was mounted on a micrometric translation stage over the optical rail. This allowed the positioning, with high precision, of the CCD at different z positions.
With this setup we recorded a set of 2D images corresponding to transverse patterns at different axial positions. Specifically we selected z = 0, −1 cm, −2 cm, −3 cm and −4 cm which, according to equation (17) , correspond to the defocus coefficients w x 20 = 0, 0.8, 1.6, 2.4 and 3.2. Due to the 1D nature of the aperture and the focusing lens, the recorded diffraction patterns should not show any variation along the ordinate axis. However, in a real optical experiment this does not occur because: (a) both the slit and the cylindrical lens have a finite size; (b) the illumination beam is not a plane wavefront, but has rotational symmetry; (c) the noise inherent to an electronic detector has 2D nature.
Thus, to maximize the signal-to-noise ratio we performed the average of recorded 2D patterns along the ordinate coordinate, which gives us a 1D function. In figure 7 we show the 1D intensity patterns. It is apparent from the figure that the degradation suffered by the 1D patterns increases with defocus. At the same time these experimental results illustrate the importance of the degradation suffered by the focal spot in high-NA optical instruments when scanning deep into a medium of different refractive indices. These results clearly illustrate how the 1D focusing pattern degrades with increasing defocus or, equivalently, how the axial point spread function (PSF) of a high-NA scanning optical instruments degrades due to an increasing amount of spherical aberration.
This experimental setup can be useful, as well, for visualizing the impact of beam-shaping elements in spherically aberrated optical systems. Although easy to implement and very simple conceptually, beam shaping is a powerful tool usually aimed at improving the resolving power of imaging systems and/or their depth of field. A conscious study of properties of beamshaping elements can be found elsewhere [16, 17] .
To visualize the behaviour of a given beam-shaping element of amplitude transmittance p(θ), it is only necessary to build a slit-like filter with transmittance t (x 0 ) obtained after the nonlinear mapping
We propose in this paper the carrying out of two experiments. One with an element designed for obtaining a high focal depth, p 1 (θ ) and another with an element designed for obtaining an axial resolution, p 2 (θ ) (see figure 8) . Thus, we have to build two slit-like elements with amplitude transmittances t 1 (x 0 ) = 1 − 4x 2 0 and t 2 (x 0 ) = 4x 2 0 . The filters were fabricated with a high-contrast photographic film (MACO orthochromatic film).
Following the same procedure as with the transparent slit, we obtained the intensity patterns shown in figure 9 corresponding, again, to w x 20 = 0, 0.8, 1.6, 2.4 and 3.2. From these curves the student can easily understand that axial-resolving beam-shaping elements are very inconvenient in systems susceptible to suffering from spherical aberration. In contrast, the filters designed for obtaining a high focal depth provide the system with an important robustness against both defocus and spherical aberration.
Conclusions
In this paper we have shown that the impact of spherical aberration in modern high-NA scanning optical instruments can be easily visualized through the carrying out of a very simple laboratory experiment. The proposed experiment, in which different defocused patterns are generated in a 1D focusing setup, is very simple and is based on the formal analogy between two different phenomena. One is the axial intensity distribution in the focal spot generated when a monochromatic plane wave is focused, by a high-NA microscope objective, deep into a medium of different refractive indices. Another is the transverse intensity distribution obtained when the light proceeding from a transparent slit is focused by a low-NA cylindrical lens. Additionally we have used the experimental setup to visualize the impact of beamshaping elements in spherically aberrated optical systems.
